It is shown that low-temperature calorimetry can be a sensitive method for determining the lowest excited energy levels in the rare-earth iron garnets. From Pauthenet's magnetization data one expects the lowest excited levels of several rare-earth ions to become populated at temperatures well below 20°K and to contribute a large specific heat. This property offers the possibility of testing the validity of the Weiss molecular field and spin-wave approximations for this isomorphic series of oxides. After a discussion of the specific heat in terms of the Weiss molecular-field approximation, a spin-wave treatment for the garnets is then presented and the dispersion equation for the acoustical branch is derived. It is shown by a perturbation calculation that in garnets with magnetic rare-earth ions, there are twelve low-lying optical modes that will contribute to the specific heat below 20°K. Heat-capacity measurements between 1.3 and 20.6°K on the iron garnets of Y, Sm, Gd, Tb, Dy, Ho, Er, Yb, and Lu are presented and interpreted in terms of the two theoretical models. The energy levels so obtained are compared to those measured by optical absorption and deduced from magnetic data. For YIG and LuIG, where only the acoustical mode contributes to the magnetic specific heat, the result is compared to other heat-capacity and magnetic measurements. With the exception of TbIG and SmIG the magnetic specific heat of the garnets can be satisfactorily interpreted. Reasonable agreement is obtained in particular between the energy levels as deduced from specific heat data and those observed directly by optical absorption on YbIG and ErIG. In general it is found that for temperatures lower thañ E 1 /2k B , where E 1 is the energy of the lowest excited level and k B the Boltzmann constant, the spin-wave approximation can be used to interpret the results, while for temperatures larger than about E 1 /6k B the Weiss molecular-field treatment is valid. In the overlapping temperature range, both approximations are equally good. The nuclear magnetic specific heat for TbIG and HoIG is observed and is found to be consistent with the predictions from resonance measurements in other rare-earth compounds.
I. INTRODUCTION HK series of the rare-earth iron garnets is probably the most thoroughly investigated one of all ferrites, because of several properties which make the experimental and theoretical studies very rewarding.
By substituting the various rare-earth ions into the garnet lattice one can study the effects of these ions on the macroscopic properties. Also, within the iron garnets there are a variety of magnetic interactions, which provide a detailed test for any proposed theoretical model. Finally, the fact that all the crystallographic sites are occupied and all the iron ions are trivalent (unlike in the spinels) accounts for a great chemical stability of the garnets and a good reproducibility of their physical properties.
The compounds, so named because they are isostructural with the naturally occurring garnets, almandine and grossularite, have the chemical formula 5Fe203 3M203 and are usually denoted MIG, where M is either a trivalent yttrium ion or rare-earth ion from samarium to lutetium. The rare-earth ions preceding samarium in the periodic table are too large to fit into the garnet lattice except in small concentrations. The unit cell, which has cubic symmetry, ' contains four formula units of garnet whose positive ions are distributed over 3 types of sites. The ferric ions occupy the 16 u sites at the center of a tetrahedron of oxygen ions and the 24d sites at the center of The magnetic ions are also subjected to a crystalline electric field, which in general is different for crystallographically inequivalent sites. For 5-state ions the effect of the crystalline field is negligible in comparison to that of the exchange field. As a result, it is often unnecessary to distinguish between the inequivalent a or d or even c sites when the M ion is in an 5 state. When the M ion is not in an 5 state, the crystalline field splittings are of the same order as the exchange splittings, sometimes even much larger, as for YbIG. '
Therefore the magnetic moment of each level will be rather different from that of the free ion, and in general ' R. Pauthenet, Ann. phys. 5, 424 (1958) It is always of great interest to determine the energy levels and the eigenfunctions of these magnetic ions and to verify how well the macroscopic properties can be deduced from them. This goal, however, is rendered very difficult by the complexity of the garnet crystal and by the many unknown parameters such as the crystalline fields. As a part of the effort to obtain information on the energy levels in the iron garnets, we have measured the specific heat of the garnets of Y, Sm, Gd, Tb, Dy, Ho, Er, Yb, and Lu between 1.3 and 20.6'K. The rare earth garnets are indeed a very favorable system for such an investigation, as can be seen by a simple estimation: the levels of M'+ split by the exchange field will be appreciably populated at temperatures above say O'K and will give a large contribution to the heat capacity, proportional to (Ei/k+T) exp( -Ei/kaT) for (Ei))kiiT), where E& is the energy of the first excited level and k& is the Boltzmann constant. On the other hand one can estimate that the lattice specific heat should be relatively small up to 20'K and it can be measured well enough on a garnet such as YIG and LuIG, where this large magnetic" specific heat is absent. The splitting hence can be determined to an accuracy often better than 5% and in favorable cases the position of the next excited level can also be determined, although with less accuracy than the first. If too many levels are clustered close together, the calorimetric method is only able to give an average splitting. Eventually the most accurate value of the energy levels for all the garnets will be obtained from optical absorption experiments. It should be pointed out here that in such absorption methods one usually measures transitions between levels at k=0 in the spin wave spectrum (k being the wave vector) while the macroscopic properties such as specific heat and magnetization are determined by the average over the k values for each branch of the spectrum. Hence it should not be surprising to find in some cases discrepancies between calorimetric and optical measurements at temperatures where the spin wave approximation is expected to hold. So 
V'A, is the gradient in k space and there are similar expressions for P"and E". The appropriate generalization of the usual perturbation formulas, which are valid for Hermitian matrices with lt "'=tt *, is Taking account of the geometry of the garnet unit cell, we find" (19b) and, assuming the iron-iron exchange integrals to be roughly the same for GdIG as for YIG,
It can be shown" that the specific heat per unit cell and the decrease of the spontaneous magnetization, resulting from the acoustical mode are given, respectively, as (18) and where u is the lattice constant. We have omitted additional terms in J",J,~, and J"since these exchange integrals are much smaller than the iron-iron exchange integrals J",J,~, and J~q. In Table II closely spaced low optical modes whose frequency is not very dependent on k and whose average frequency is lattice specific heat will then be taken as Ci", --C -Arl, i.e. , any deviations from (43) are assumed to be due to a break down of the T' law. Since the T' term is about 50 times larger than the spin-wave term at 20'K, it would be necessary to postulate an anornalously large departure from the T: law to account for the excess specific heat at this temperature. We shall also assume that the lattice specific heat, of the other rare earth garnets is the same as that of LuIG.
For GdIG we again expect no nuclear specific heat. More conclusive measurements at lower temperatures and on other samples will be undertaken shortly to resolve this discrepancy. Fxo. 4. The specific heat of GdIG between 4 and 21'K. Q, total speci6c heat; e, magnetic speci6c heat. The WMF curve has been calculated for E&=27.8 cm ' and coincides practically with that calculated from the spin-wave approximation (not shown) up to about 16'K.
effective magnetic field of (3.00&0.06) X10s G. In Fig.   3 we have also shown the theoretical curve for the magnetic specific heat using the spin-wave approximation Eq. (45a) 
The determination of the high energy levels was not conclusive, as a reasonable fit could also be obtained They also find several higher levels which probably give an excess specific heat equivalent to our group of levels near 50 cm '. The excess specific heat below 3'K (see Fig. 11 
